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ABSTRACT 

A fuzzy graph can be obtained from two given fuzzy graphs using Cartesian product and composition. In this 

paper degree of an edge and total degree of an edge are introduced and we find the degree of an edge in fuzzy graphs 

formed by these operations in terms of the degree of edges in the given fuzzy graphs in some particular cases. 
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INTRODUCTION 

 Fuzzy graph theory was introduced by Azriel Rosenfeld in 1975. Though it is very young, it has been growing 

fast and has numerous applications in various fields. During the same time Yeh and Bang have also introduced various 

concepts in connectedness in fuzzy graphs. Mordeson. J. N and Peng. C. S introduced the concept of operations on fuzzy 

graphs. Sunitha. M. S and Vijayakumar. A discussed about the complement of the operations of union, join, Cartesian 

product and composition on two fuzzy graphs. The degree of a vertex in fuzzy graphs which are obtained from two given 

fuzzy graphs using these operations was discussed by Nagoorgani. A and Radha. K. In this paper we introduce the concept 

of a degree of an edge and total degree of an edge in fuzzy graphs. We study about the degree of an edge in fuzzy graphs 

which are obtained from two given fuzzy graphs using the operations Cartesian product and composition. In general, the 

degree of an edge in Cartesian product and composition of two fuzzy graphs G1 and G2 cannot be expressed in terms of 

these in G1 and G2. In this paper, we find the degree of an edge in Cartesian product and composition of two fuzzy graphs 

G1 and G2 in terms of the degree of edges of G1 and G2 in some particular cases. First we go through some basic concepts. 

A fuzzy subset of a set V is a mapping  from V to [0, 1]. A fuzzy graph G is a pair of functions G: (, ) where 

 is a fuzzy subset of a non-empty set V and  is a symmetric fuzzy relation on , (i.e.) (x, y)  (x)  (y) for all x, y  

V. The underlying crisp graph of G: (, ) is denoted by G*: (V, E) where E ⊆ V×V. The underlying crisp graph of G: (, 

) is denoted by G
*
: (V, E) where E  V × V. Throughout this paper, G1: (1, 1) and G2: (2, 2) denote two fuzzy graphs 

with underlying crisp graphs G1
*
: (V1, E1) and G2

*
: (V2, E2) with Vi = pi, i = 1, 2. Also )(* iG

ud
i

 denotes the degree of ui 

in Gi
*
. 

Let G: (, ) be a fuzzy graph on G
*
: (V, E). The degree of a vertex u is dG(u) = 

vu

vu ),( . Since  (u, v) > 0 

for uv  E, (u, v) = 0 for uv  E. This is equivalent to dG(u) = 
Vuv

vu ),( . The minimum degree of G is (G) = 

{dG(v),  v  V} and the maximum degree of G is (G) = {dG(v),  v  V}. 
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Let G: (, ) be a fuzzy graph on G
*
: (V, E). The total degree of a vertex u V is defined by tdG(u) = 


vu

vu ),( + (u). Since (u, v) > 0 for uv  E, (u, v) = 0 for uv  E. This is equivalent to tdG(u) = dG(u) + (u). 

The order and size of a fuzzy graph G are defined by O(G) = 
Vu

u)( and S(G) = 
Euv

uv)( . 

Let G
*
: (V, E) be a graph and let e = uv be an edge in G

*
. Then the degree of an edge e = uv  E is defined by 

dG*(uv) = dG*(u) + dG*(v) – 2. 

Definition [4]: Let ),(*

2

*

1

* EVGGG  be the Cartesian product of two graphs 
*

1G  and
*

2G , where 21 VVV   

and }.,:),)(,{(},:),)(,{( 211111222122 VwEvuwvwuEvuVuvuuuE   Then the Cartesian product of two 

fuzzy graphs 1G  and 2G  is a fuzzy graph ),(: 212121   GGG  defined by  

 Vuuuuuu  ),(),()(),)(( 2122112121  and 

 ,,),()(),)(,)((( 222122212221 EvuVuvuuvuuu    

 .,),()(),)(,)((( 111211121121 EvuVwvuwwvwu     

Definition [4]: Let ),(*

2

*

1

* EVGGG   be the Composition of two graphs 
*

1G and
*

2G , where 21 VVV   and 

}.,:),)(,{(},:),)(,{(},:),)(,{( 221112121211111222122 vuEvuvvuuVwEvuwvwuEvuVuvuuuE 

Then the Composition of two fuzzy graphs 1G  and 2G  is a fuzzy graph ),(:][ 21212121  GGGGG   

defined by  Vuuuuuu  ),(),()(),)(( 2122112121    and 

 ,,),()(),)(,)((( 222122212221 EvuVuvuuvuuu     

 ,,),()(),)(,)((( 111211121121 EvuVwvuwwvwu      

 .,),()()(),)(,)((( 111221112222212121 Evuvuvuvuvvuu     

Theorem* [2]: If ),(: 111 G  and ),(: 222 G  are two fuzzy graphs such that 21   , then 12    and vice 

versa.  

EDGE DEGREE AND TOTAL EDGE DEGREE OF A FUZZY GRAPH 

Edge Degree of a Fuzzy Graph  

Let G: (, ) be a fuzzy graph on G
*
: (V, E).  

The degree of an edge uv is dG(u, v) = dG(u) + dG(v) – 2(u, v). Since (u, v) > 0 for uv E, (u, v) = 0 for uv 

E.  

This is equivalent to dG(uv) = 


vw
Euw

uw)(  + 


uw
Ewv

wv)( . 

The minimum degree and maximum degree of G are E(G) = {dG(uv), uv E} and E(G) = {dG(uv), uv 

E}. 



The Degree of an Edge in Cartesian Product and Composition of Two Fuzzy Graphs                                                                                       67 

              

 

Total Edge Degree of a Fuzzy Graph 

Let G: (, ) be a fuzzy graph on G
*
: (V, E). The total degree of a vertex u V is defined by tdG(uv) = dG(u) + 

dG(v) – (uv). Since (uv) > 0 for uv E, (uv) = 0 for uv E.  

This is equivalent to tdG(uv) = 


vw
Euw

uw)(  + 


uw
Ewv

wv)(  + (uv) = dG(uv) + (uv). 

Example  

 

Figure 1: Fuzzy Graph G: (, ) 

dG(u) = 0.4, tdG(u) = 0.6, (G) = 0.4 = dG(u) and (G) = 1.1 = dG(w). 

dG(uv) = 0.5, tdG(uv) = 0.7, E(G) = 0.5 = dG(uv) = dG(wx) and E(G) = 1.1 = dG(uw). 

DEGREE OF AN EDGE IN CARTESIAN PRODUCT 

 By definition, for any 2121 ),( VVuu   and Evvuu )),)(,(( 2121 with 

2211 , vuvu  or 2211 , vuvu  . 









 

),(),(
,),)(,(

212121

),(),(
,),)(,(

2121212121

2121

2121

2121

2121

21
)),)(,)((()),)(,)((()),)(,((

uuww
Evvww

vvww
Ewwuu

GG vvwwwwuuvvuud  . 

 If 2211 , vuvu  , then 
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uuww
Evuww
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Ewwuu

GG vuwwwwuuvuuud   

= 






222121

22

112121 ,),)(,(
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,,
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uw
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22111 ).()(
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 )),)(,(( 212121
vuuud GG  = )()( 22

,

211

2222

wuu
vwVw




  + 



11

)()( 22111

Vw

uwu  + )()( 22

,

211

2222

vwu
uwVw




  + 





11

)()( 22111

Vw

vuw                                                                                                                                                     (5.1) 

 If 2211 , vuvu  , then 









 

),(),(
,),)(,(

212121

),(),(
,),)(,(

2121212121

2121

2121

2121

2121

21
)).,)(,)((()),)(,)((()),)(,((

uuww
Euvww

uvww
Ewwuu

GG uvwwwwuuuvuud   

= 






11

222121112121 ,,),)(,(

212121

,),)(,(

212121 )),)(,)((()),)(,)(((

vw
wuEuwuuwuEwuuu

uwuuwuuu   

+ 






11

222121112121 ,,),)(,(

212121

,),)(,(

212121 )).,)(,)((()),)(,)(((

uw
uwEuvuwvwEuvwv

uvuwuvwv   

= )()( 22

,

211

11222

wuu
wuEwu




  + 






11

22111 ,,

22111 )()(

vw
wuEwu

uwu  + )()( 22

,

211

11222

uwv
uwEuw




  

+ 






11

22111 ,,

22111 ).()(

uw
uwEvw

uvw   

 )),)(,(( 212121
uvuud GG  = )()( 22211

22

wuu
Vw




  + 



1111 ,

22111 )()(
vwVw

uwu  + )()( 22211

22

uwv
Vw




  

+ 



1111 ,

22111 )()(
uwVw

uvw                                                                                                                                              (5.2) 

In the following theorems, we find the degree of )),)(,(( 2121 vuuu and )),)(,(( 2121 uvuu  in 21 GG   in terms 

of those in 1G  and 2G  in some particular cases. 

Theorem 

 Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs. If 21   and 12   , then  

 )),)(,(( 212121
vuuud GG  = )()(2 221 21

vudud GG  , if Evuuu ),)(,( 2121 , 

 )),)(,(( 212121
uvuud GG  = )(2)( 211 21

udvud GG  , if Euvuu ),)(,( 2121 . 

Proof 

 We have, 21   and 12   . 

 From (5.1), for any Evuuu ),)(,( 2121 , 

 
)),)(,(( 212121

vuuud GG  = )()( 22

,

211

2222

wuu
vwVw




  + 



11

)()( 22111

Vw

uwu 
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 + )()( 22

,

211

2222

vwu
uwVw




  + 



11

).()( 22111

Vw

vuw   

 = )( 22

,

2

2222

wu
vwVw




  + 
 11

)( 111

Vw

wu + )( 22

,

2

2222

vw
uwVw




  + 
 11

)( 111

Vw

uw  

 = )()(2 221 21
vudud GG  . 

 From (5.2), for any Euvuu ),)(,( 2121 , 

)),)(,(( 212121
uvuud GG   = )()( 22211

22

wuu
Vw




  + 



1111 ,

22111 )()(
vwVw

uwu 

 

+ )()( 22211

22

uwv
Vw




  + 



1111 ,

22111 )()(
uwVw

uvw   

= )( 222

22

wu
Vw




  + 
 1111 ,

111 )(
vwVw

wu + )( 222

22

uw
Vw




  + 
 1111 ,

111 )(
uwVw

vw  

= )(2)( 211 21
udvud GG  . 

Theorem 

 Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs. 

 If 21    and 1 is a constant function with 11 )( cu   for all 1Vu , then  

o For any Evuuu ),)(,( 2121 , )),)(,(( 212121
vuuud GG   = )2)()(()(2 2211 *

2
*
21

 vdudcud
GGG . 

o For any Euvuu ),)(,( 2121 , )),)(,(( 212121
uvuud GG   = )(2)( 2111 *

21
udcvud

GG  . 

 If 12    and 2 is a constant function with 22 )( cu   for all 2Vu , then  

o For any
Evuuu ),)(,( 2121 ,

)),)(,(( 212121
vuuud GG   = 

)()(2 2212 2
*
1

vududc GG


. 

o For any
Euvuu ),)(,( 2121 , 

)),)(,(( 212121
uvuud GG   = 

)(2)2)()(( 2112 2
*
1

*
1

udvdudc GGG


. 

Proof 

 We have 21   . By theorem*, 12   . 

o From (5.1), for any
Evuuu ),)(,( 2121 , 

)),)(,(( 212121
vuuud GG  = )()( 22

,

211

2222

wuu
vwVw




  + 



11

)()( 22111

Vw

uwu  + )()( 22

,

211

2222

vwu
uwVw




  

+ 



11

).()( 22111

Vw

vuw   
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 Since 11 )( cu   for all 1Vu . 

 )),)(,(( 212121
vuuud GG  =  




22

22222 ,,

1

vw
EwuVw

c  + 
 11

)( 111

Vw

wu + 




22

22222 ,,

1

uw
EvwVw

c  + 
 11

)( 111

Vw

uw  

= 
 22222 ,

1

vwEwu

c  + 
 11

)( 111

Vw

wu + 
 22222 ,

1

uwEvw

c  + 
 11

)( 111

Vw

uw  

 

= )()1)(()()1)(( 121121 1
*
21

*
2

udvdcududc GGGG
  

= )2)()(()(2 2211 *
2

*
21

 vdudcud
GGG . 

 From (5.2), for any Euvuu ),)(,( 2121 , 

)),)(,(( 212121
uvuud GG   = )()( 22211

22

wuu
Vw




  + 



1111 ,

22111 )()(
vwVw

uwu  + )()( 22211

22

uwv
Vw




  

+ 



1111 ,

22111 )()(
uwVw

uvw   

= 
 22222 ,

11 )(
EwuVw

u  + 
 1111 ,

111 )(
vwVw

wu + 
 22222 ,

11 )(
EuwVw

v  + 
 1111 ,

111 )(
uwVw

vw  

= 
 222

1

Ewu

c  + )( 111
vudG + 

 222

1

Euw

c  

= )(2)( 2111 *
21

udcvud
GG  . 

 Proof is similar to the proof of (1).  

Remark 

 Let ),(: G be a fuzzy graph of Cartesian product of two given fuzzy graphs ),(: 111 G and 

),(: 222 G . Then (1) 1c  if 21   with  

 2c if 12    with 22 c . 

Proof 

 By definition, 21   . 

 Let 21   with 11 c . 

 Then 221 min   , (by definition fuzzy graph, ii  min  and ii  max ). 

 21    
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 1121 c   

 1c . 

 Similarly, if 12   with 22 c , then 2c . 

DEGREE OF AN EDGE IN COMPOSITION 

 By definition, for any 2121 ),( VVuu  and Evvuu )),)(,(( 2121 , 











),(),(
,),)(,(

212121

),(),(
,),)(,(

2121212121

2121

2121

2121

2121

21
)),)(,)((()),)(,)((()),)(,((

uuww
Evvww

vvww
Ewwuu

GG vvwwwwuuvvuud   . 

 By using Cartesian product,  

 If 2211 , vuvu  , then 
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uuww
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Ewwuu

GG vuwwwwuuvuuud    
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,,

211

22

11222
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 + 
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vwuw                                                                                                                          (6.1) 

 If 2211 , vuvu  , then 
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21
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Euvww

uvww
Ewwuu

GG uvwwwwuuuvuud    

)),)(,(( 212121
uvuud GG  = )()( 22

,

211

11222

wuu
wuEwu




  + 






11

22111 ,,

22111 )()(

vw
wuEwu

uwu   

+ 



22111 ,

2222111 )()()(
wuEwu

wuwu  + )()( 22

,

211

11222

uwv
uwEuw
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11

22111 ,,

22111 )()(

uw
uwEvw

uvw   

+ 



22111 ,

2222111 )()()(
uwEvw

uwvw 

                                                                                                                       

  (6.2) 

 If 2211 , vuvu  , then 
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)),)(,(( 212121
vvuud GG  = )()( 22

,

211

11222

wuu
wuEwu




 + 



22111 ,

22111 )()(
wuEwu

uwu   

+ 






2211

22111
)(

,,

2222111 )()()(

vworvw
wuEwu

wuwu  + )()( 22

,

211

11222

vwv
uwEvw




 + 



22111 ,

22111 )()(
vwEvw

vvw   

+ 






2211

22111
)(

,,

2222111 )()()(

uworuw
vwEvw

vwvw                                                                                                                         (6.3) 

Theorem 

 Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs. If 21   and 12   , then for any 

Evvuu ),)(,( 2121 , 

 )),)(,(( 2121][ 21
vuuud GG = )()(2 2212 21

vududp GG  , 

 )),)(,(( 2121][ 21
uvuud GG = ))()()(1()(2)( 112211 1121

vdudpudvud GGGG  , 

 )),)(,(( 2121][ 21
vvuud GG = )()())()()(1()( 2211211 22111

vdudvdudpvud GGGGG  . 

Proof 

 We have 21   and 12   . 

 From (6.1), for any Evuuu ),)(,( 2121 ,  

)),)(,(( 212121
vuuud GG  = )()( 22

,,
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11222

wuu
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wuEwu
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)( 111
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 22111 ,
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,

2

22222

vw
uwEvw
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Euw

uw + 
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)( 111

Vw

wu + 
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+ 



11

)(}{ 1112

Vw

uwvV   

= )( 22

,

2

2222

wu
vwVw




  + )( 22

,

2

2222

vw
uwVw




  + )()1()()()1()( 121121 1111
udpududpud GGGG   
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 )),)(,(( 2121][ 21
vuuud GG = )(2)( 1222 12

udpvud GG  . 

 From (6.2), for any Euvuu ),)(,( 2121 , 
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 + 
 1111 ,

111 )(
vwVw

wu + 



11

)(}{ 11122

Vw

wuuV  + )( 222

22

uw
Vw




 + 
 1111 ,

111 )(
uwVw

vw  

+ 



11

)(}{ 11122

Vw

vwuV   

= ))()(1()())()(1()()( 12212112 12112
vdpududpvudud GGGGG   

 )),)(,(( 2121][ 21
uvuud GG = ))()()(1()(2)( 112211 1121

vdudpudvud GGGG  . 

 From (6.3), for any Evvuu ),)(,( 2121 ,  

)),)(,(( 212121
vvuud GG  = )()( 22

,

211

11222

wuu
wuEwu




 + 



22111 ,

22111 )()(
wuEwu

uwu   

+ 






2211

22111
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,,

2222111 )()()(
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wuEwu

wuwu  + )()( 22

,
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11222

vwv
uwEvw




 + 



22111 ,

22111 )()(
vwEvw

vvw   

+ 






2211

22111
)(

,,

2222111 )()()(

uworuw
vwEvw

vwvw   

=  )( 222

22

wu
Vw




  + 
 11

)( 111

Vw

wu + )()()()( 111

,

2222111

22111

vuwuwu
wuEwu

 


+ )( 222

22

vw
Vw




  

+ 
 11

)( 111

Vw

vw + )()()()( 111

,

2222111

22111

vuvwvw
vwEvw

 


 

= )( 22
udG + )( 11

udG + 



11

)()(}{ 11111122

Vw

vuwuuV  + )( 22
vdG + )( 11

vdG + 

)()(}{ 11111122

11

vuvwvV
Vw

  


 

= ))()(1()())()(1()(2)()()( 12212111112 121112
vdpvdudpvuvdudud GGGGGG    

 )),)(,(( 2121][ 21
vvuud GG = )()())()()(1()( 2211211 22111

vdudvdudpvud GGGGG  . 
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Theorem  

 Let ),(: 111 G  and ),(: 222 G  be two fuzzy graphs. 

 If 21    and 1 is a constant function with 11 )( cu   for all 1Vu , then for any Evvuu ),)(,( 2121 , 

o )),)(,(( 2121][ 21
vuuud GG = )2)()(()(2 22112 *

2
*
21

 vdudcudp
GGG ,  

o )),)(,(( 2121][ 21
uvuud GG = )(2))()()(1()( 2111211 *

2111
udcvdudpvud

GGGG  ,  

o )),)(,(( 2121][ 21
vvuud GG = ))()(())()()(1()( 22111211 *

2
*
2111

vdudcvdudpvud
GGGGG  . 

 If 12    and 2 is a constant function with 22 )( cu   for all 2Vu , then for 

any Evvuu ),)(,( 2121 , 

 )),)(,(( 2121][ 21
vuuud GG = )()(2 22122 2

*
1

vududpc GG
 ,  

 
)),)(,(( 2121][ 21

uvuud GG =
)(2)2))()((( 21122 2

*
1

*
1

udvdudpc GGG


, 

 
)),)(,(( 2121][ 21

vvuud GG =
)()()2))()((( 221122 22

*
1

*
1

vdudvdudpc GGGG


. 

Proof: 

 We have 21   . Then by theorem*, 12   . 
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 We have 12   . Then by theorem*, 21   . 
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Remark 

 When both  = 1 and  = 1, all the above formulae coincide with the corresponding formulae of crisp graphs. 

CONCLUSIONS 

 In this paper, we have found the degree of edges in G1 × G2 and G1[G2] in terms of the degree of vertices and 

edges in G1 and G2 and also in terms of the degree of vertices in G1* and G2* under some conditions.  

They will we more helpful especially when the graphs are very large. Also they will be useful in studying various 

conditions, properties of Cartesian product and composition of two fuzzy graphs and also used to further study for edge 

regular on some fuzzy graphs. 
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